ON ARITHMETIC PROGRESSIONS IN A + B + C 



KEVIN HENRIOT 

Abstract. Our main result states that when A, B, C are subsets of Z/NZ of respec- 
tive densities a, ft, 7, the sumset A + B + C contains an arithmetic progression of 
length at least e c( - losN ^ for densities a ^ (\ogN)- 2+£ and £,7 ^ ^(log-iV)^ where c 
depends on e. Previous results of this type required one set to have density at least 
(log N)~ 1+ot - 1 K Our argument relies on the method of Croot, Laba and Sisask to es- 
tablish a similar estimate for the sumset A + B and on the recent advances on Roth's 
theorem by Sanders. We also obtain new estimates for the analogous problem in the 
primes studied by Cui, Li and Xue. 



1. Introduction 

Let A and B be subsets of a cyclic group Z/iVZ of density a and (3. The problem of 
finding long arithmetic progressions in A +B has a rich history starting with the striking 
result of Bourgain [2]: the sumset A + B always contains an arithmetic progression of 
length at least e c ( Q / 31 °g A 1/3 provided the densities satisfy a/3 ^ (log N)~ 1+ °^ (and the 
progression is non-trivial in this range: this will always be the case later when we specify 
a range of density). Major progress was made by Green [11] who showed that, under 
the same condition on densities, the progression could be taken as large as e c ( a / 31 °g A 1/2 , 
Sanders [18] later found a very different proof of Green's theorem and yet a third and 
relatively simple proof was provided recently by Croot, Laba and Sisask [6]. 

For fixed densities a and /3, the progression found has length e Cv/log N and this has 
not been improved to date, while a negative result of Ruzsa [17] says that one cannot 
do better than e c ( 1 °s Ar ) 2/3+e . However when densities are allowed to decrease with N, 
a remarkable result was obtained recently by Croot, Laba and Sisask [6]. Improv- 
ing on a first result of Croot and Sisask [8], they showed that the sumset A + B 
contains an arithmetic progression of size at least e c ^ alog7V - )1/2/ '^ log2/3 1 ^ 3/2 in a range 
a(log|)~ 5 ^ C(log N)~ 1+ °^\ While the theorems of Bourgain and Green require one 
set to have density at least (log N)~ 1 ^ 2+c ^ 1 \ this allows for both sets to have density 
as low as (log N)~ 1+ °^ ; further, one set may even have exponentially small density 

e -C(log7V) 1 /5+o(i) 

1 
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The analogous problem for three-fold sumsets was first studied by Freiman, Halber- 
stam and Ruzsa [10], who established that the sumset A + A + A contains a much longer 
progression: indeed of length at least N ca3 . Green [11] extended this to J\f ca2+ ° m and 
Sanders [18] to jV CQl+ ° (1> , however all of these results required a ^ (log A r ) _1 / 2+0 ^ 1 \ By 
contrast the best result known for four sets or more, due to Sanders [22], says that the 
sumset A + A + A + A contains an arithmetic progression of length N c /^ 2a ^ when 

case all the summands may be rather sparse. In this work 
we investigate in detail the sumset A + B + C, aiming at establishing results valid for 
sparse sets B and C and in a large range of a. 

We now turn to the precise results 1 , starting with the theorem of Croot, Laba and 
Sisask [6], which constitutes the state-of-the-art on arithmetic progressions in A + B. 

Theorem 1.1 (Croot, Laba, Sisask). Suppose that A and B are subsets o/Z/iVZ of 
respective densities a and (3. Then there exists an absolute constant c > such that 
A + B contains an arithmetic progression of length at least 

In the case of three summands, the best bounds known are due to Sanders [18]. 

Theorem 1.2 (Sanders). Suppose thatA,B,C are subsets ofZ/NZ of respective den- 
sities a, /3,7 . Then there exists an absolute constant c > such thatA + B + C contains 
an arithmetic progression of length at least 

N< a ^ 1/3 if (a/3 7 ) 1/3 ^ (clog N)- 1 ' 2 (log log N) l ' 2 . 

Cui, Li and Xue [9] also recently studied the analogous problem for subsets of the 
primes. We let log fc denote the logarithm iterated k times below. 

Theorem 1.3 (Cui, Li, Xue). Suppose that A is a subset of the primes less than N of 
size aN/ log N. Then there exist absolute positive constants c, cq, c\ such that A + A + A 
contains an arithmetic progression of length at least 

Ar ca 2 /(log2a- 1 ) % J a ^ (\og 3 N)~ C ° , 
i yca*/(log2a- 1 ) ^ a ^ (log A^)" Cl . 

Their argument relies on a clever combination of Green's [12] and Helfgott and de 
Roton's [15] restriction theorems for primes with Green's [11] theorem on A + A + A, 
modified to obtain arithmetic progressions whose elements all have a certain number 

1 We assume that N ^ 1 + exp(e e ) throughout this introduction to alleviate logarithmic notations. 
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of representations as a sum of three elements of A. For lack of an existing expression, 
we call counting lemma any lower bound on this number of representations, here and 
throughout the article. Motivated by the application to the problem of sumsets of primes 
we set out, as a secondary objective, to provide counting lemmas in all our estimates; 
this is not essentially difficult although it requires some care in the computations. 

We now introduce our results. We start with a simple observation which is that the 
almost-periodicity results of Croot, Laba and Sisask [6] imply a version of Theorem 1.2 
which allows for two sets out of three to be sparse, with density as small as e _c ( logAr * )1/ '\ 

Theorem 1.4. Suppose that A,B,C are subsets ofZ/NZ of respective densities a, (3,^ . 
Then there exists an absolute constant c > such that A + B + C contains an arithmetic 
progression of length at least 

N co?noz\2/ a M) if a (l og _|_)- 5 /2 ^ ( clogiV )-l/2 

such that each element of the progression has at least ^a^N 2 representations as a sum 
x + y + z with (x,y, z) G A x B x C . 

While the dependency on densities (3 and 7 in Theorem 1.4 is satisfactory, the density 
a is still required to be at least (log iV)" 1 / 2 , and the arithmetic progression is shorter 
than that of Theorem 1.2 when a — (3 — 7. To overcome these limitations we turn 
to the argument of Sanders [18] to prove Theorem 1.2. The proof there is based on 
a density-increment strategy, which builds on that introduced by Bourgain [3] in the 
context of Roth's theorem [16]. Sanders' recent breaktrough [20] in the latter problem 
introduced very powerful new techniques, and these allow us to revisit the argument of 
[18] so as to obtain the following. 

Theorem 1.5. Suppose that A, B, C are subsets ofZ/NZ of respective densities a, (3, 7. 
Then there exists an absolute constant c > such that A + B + C contains an arithmetic 
progression of length at least 

7V-/iog 6 (2/^ T ) if o^logJ^MclogAT 1 

such that each element of the progression has at least e~^ ll °s 7 ( 2 / a l 3 "/) j\r 2 representa- 
tions as a sum x + y + z with (x,y, z) G A x B x C . 

Note that the density of each set may now be as low as (log N)~ l+olyl \ and that 
we may take two sets to be very sparse as before. A result of this kind also follows 
from Theorem 1.1, since an arithmetic progression in A + B is always contained, up to 
translation, in A + B + C; however the arithmetic progression obtained in this way is 
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shorter than the one given by Theorem 1.5, unless 7 is extremely small 2 . Surprisingly, 
the counting lemma of Theorem 1.5 is quite a lot weaker than that of Theorem 1.4: this 
is due to the use of an iterative argument which at each step places the sets A, B, C in 
a certain Bohr set, whose size decreases as we iterate. 

By using a generalization by Bloom [1] of the Katz-Koester transform of Sanders [20] 
to three or more sets we are able to go one step further in the range of density, however 
this time the loss in the counting lemma is substantial. 

Theorem 1.6. Let e G (0,1) be a parameter and suppose that A,B,C are subsets of 
Z/iVZ of respective densities a,/3, 7. Then there exists an absolute constant c > such 
that A + B + C contains an arithmetic progression of length at least 

exp^V^elogiV) 1 / 2 ^^)- 772 ) if a(logJ^)- 14 Mc5logAT 2 

such that each element of the progression has at least N 2 ~ £ representations as a sum 
x + y + z with (x,y, z) e A x B x C . 

Note that the progression obtained in this way is in fact longer than that of The- 
orem 1.5 in the range (log N)~ 1+ °^ ^ a ^ (log N)~ 2 /' i+ °^ when, say, a = (3 = 7 
and e x 1. Finally, we mention two applications of the above results to the analogous 
problem in the primes. First, since Theorem 1.5 comes with a counting lemma, its 
conclusion may be inserted into the original argument of Cui, Li and Xue [9] to derive 
two new estimates, which complement Theorem 1.3. 

Theorem 1.7. Suppose that A is a subset of the primes less than N of size aN / log N . 
Then there exist absolute positive constants c,C2,Cs such that A + A + A contains an 
arithmetic progression of length at least 

Arca /(iog2a-i)5 % j a ^ (i g 4 Ar)- C2; 

jyca 2 /(lo g 2a- 1 ) 5 -J a ^ (\og 2 N)~ C3 . 

Secondly, Theorem 1.6, thanks to its longer density range, allows us to find long 
arithmetic progressions in A + A + A for a dense subset A of the primes on grounds 
of density alone, i.e. without appealing to restriction theorems for the primes. This is 
mostly of conceptual interest, since our argument is also quite involved, relying heavily 
on methods from [20]. We record below the estimate that might be obtained from 
Theorem 1.6, by observing that the primes have asymptotic density (logiV) -1 in the 
first iV integers and with the usual Freiman embedding. 

2 For e.g. ax/jx (log-/V)~ e and 7 >; e - c ( lo s N ) { v 5 Theorem 1.1 yields a longer progression. 
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Corollary 1.8. Suppose that A is a subset of the primes less than N of size aN/ log N. 
Then there exists an absolute positive constant c such that A + A + A contains an 
arithmetic progression of length at least 

e c(aiogiV)V4 (loglogA r)- 7 / 2 . f a>( i ogN yi(i oglogN y\ 

By comparison the constant C\ in Theorem 1.3 is 1/45 in the original argument of 
[9]. The arithmetic progression given by this corollary is however shorter than that of 
Theorems 1.3 and 1.7 in the ranges prescribed there. 

We make two last remarks about the shape of the above bounds. The first is that in 
Theorems 1.4, 1.5 and 1.6, one may assume a ^ f3 ^ 7 without loss of generality, and 
that under this assumption one may replace logarithmic terms log by log -J^ there. 
Secondly, we note that Theorems 1.4 to 1.7 and Corollary 1.8 are non-trivial if and only 
if N is larger than an absolute constant. 

At this point we should also remark that arithmetic progressions may be obtained 
for sets much sparser than the ones considered above by a combinatorial method of 
Croot, Ruzsa and Schoen [7], recently generalized in [14], although the results there 
take a rather different form. Indeed while the Fourier analytic methods used here 
typically find progressions of length e^ logN ^ c in a range of density a ^ (log N)~ 5 , these 
combinatorial methods produce shorter progressions, of size (log A) c , for a larger range 
of density a ^ N~ s . 

The article is now organized as follows. Section 2 is devoted to notations and Section 3 
is there to recall relevant facts about Bohr sets. The proof of Theorem 1.4 is given in 
Section 4, and in Section 5 we collect a number of facts on the density- increment strategy 
which are then used to give the proof of Theorems 1.5 and 1.6 in Section 6. Finally the 
estimates of Theorem 1.7 and Corollary 1.8 are derived in Section 7, and comparisons 
with results on Roth's theorem are drawn in Section 8. 



Acknowledgments. We should like to thank our supervisors Regis de la Breteche 
and Andrew Granville for discussions that greatly helped improve the exposition in 
this paper. We also thank Tom Sanders for many helpful comments. This work was 
supported by a contrat doctoral from Universite Paris 7. 



2. Notations 

Here we take a moment to introduce our notations. These are mostly standard up 
to the choice of normalizations. 
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General setting. For the rest of the article we fix an integer N ^ 2 and we write 
G = Z/iVZ. It is clear however that our results are only meaningful when densities vary 
with N and when N is large: one should think of N as such. 

Functions. For a subset X of G and x G G, we define the averaging operator over 
X, and the operator of translation by x on functions / : G — > C, respectively, by 

E xeX f(x) = — f(x) and r x (f)(u) = f(u + x) for u G G. 

We also occasionally use the identity operator / defined by If = f. For any p ^ 1 we 
define the L p -norm of a function / on G by 

Vp 



iP = (E xeG |/(x)|" 



We let HflL — sup^gg. |/(#)| denote the uniform norm of / over G. The scalar product 
and the convolution of two functions /, g are defined respectively by 



{f,9)v = ^x&Gf(x)g(x) 
and / * g(x) = E yeG f(y)g(x - y) (x G G). 

We also let f^ =/*••■*/ denote the convolution of / with itself i times. 

Fourier analysis on Z/iVZ. We let G denote the dual group of G, that is, the set of 
homomorphisms 7 : G — > T, where T denotes the unit circle {u G C : \u\ = 1}. We 
define the Fourier transform / of a function / : G — > C by 



/( 7 ) := E xeG f(xh(x) (7 G G). 

The three basic formulae of Fourier analysis then read as follows: 

(Inversion) f(x) = J2 ye d /(ThO), 



(Parseval) (/, g) L 2 = f(l)g{l), 

(Convolution) / * #(7) = T{l)g(l)- 
For functions /1: G->Cwe also write 

hhp = ( y ^2\g(l)\ P ) f and {g,h)p = ^g{^)h(^). 

Finally, for a real number n > we define the //-spectrum of a function / : G — > C by 

Spe C| ,(/) = {7 € G : |/(7)l ^ll/M. 
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Characteristic functions and densities. We let m G denote the uniform measure on G 
defined by m G (X) = \X\/\G\ for X G G. More generally when A is a subset of G we 
let rrtA denote the uniform measure on A defined by m^X) = \X D for X d G. 

We also define the normalized characteristic function of a subset A of G by 

= m G (Ay 1 1 A 

so that H/mIIl 1 = 1) n °te also the useful identity 1a * Hb(x) = m-B(A — x). When B is 
a subset of G we say that A C B has relative density a when \A\ = a\B\, that is, when 
mB{A) = a. Note the composition identity m G (A) = m B (A)m G (B). 

Asymptotic notations. We let c and C denote absolute positive constants which 
may take different values at each occurrence. We also make occasional use of Landau's 
and Vinogradov's asymptotic notations: for two non-negative functions / and g, we let 
/ = 0(g) or / <C g indicate the fact the / ^ Cg for some constant C > 0, and / = £l(g) 
or / ^> g indicate that f ^ cg for some constant c > 0. We write / x g when f <^ g 
and / 3> g. 

3. Preliminaries on Bohr sets 

Bohr sets are now a standard tool of additive combinatorics. The definition and 
terminology we use follows Sanders [20, 21]. We also recall the fundamental properties 
of these sets which will be needed for our work. 

Definition 3.1 (Bohr set). For a set of characters T C G and a real number 5 > we 
let 

B(T,5) = {x G G : |1 -7(x)| O V 7 G T} 

be the Bohr set of frequency set V and radius 5. We define d = \F\ to be the 
dimension of this Bohr set. 

Note that 7(2;) G T and therefore |1 — 7 (x)| ^ 2 for every x G G and 7 G G, so that 
the definition is only interesting for 5^2. We will often denote a Bohr set simply by 
the letter B, with associated parameters 3 T, S, d. We also define the dilate of B by a 
factor p by B p = B(T, 5) p := B(T, pS). Finally we say that B' is a sub-Bohr-set of B, 
and we write B' ^ B, when r C V and 5' ^ S. 



There is a slight abuse of notations in doing so, as the physical set B may be the same for different 
frequency sets and radii: one should formally think of B as a triple (B, V, 5). 
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We now recall a bound on the growth of Bohr sets. The proof can be found in [24, 
Lemma 4.20]; small adjustments 4 have to be made to fit our slightly different definition 
of a Bohr set. 

Lemma 3.2 (Doubling ratio of Bohr sets). Suppose that B is a Bohr set. Then 

m G (B 1/2 ) > T d m G {B). 

We record an immediate consequence of this bound. 

Lemma 3.3 (Growth of Bohr sets). Suppose that B is a Bohr set and p G (0, 1]. Then 

m G (B p ) > e- Qdl0 ^m G {B). 

Observing that B = B(T, 2)s/2 this in turn gives the following. 
Lemma 3.4 (Size of Bohr sets). Suppose that B is a Bohr set of radius 5^2. Then 

m G (B) ^ e - 6dlosA5 ~\ 

One essential fact about Bohr sets is that they support a lot of arithmetic structure. 
A simple illustration of this principle is given by the following easy consequence of 
Dirichlet's theorem on simultaneous approximation [23, Theorem ILIA]. 

Lemma 3.5 (Arithmetic progression in a Bohr set). Let B be a Bohr set of radius 
5 < it. Then B contains an arithmetic progression of size at least (1/2tt) 5iV 1/d . 

We now recall the notion of regularity of Bohr sets which is of crucial importance 
for the proof of Theorems 1.5 and 1.6. This is not needed for the proof of Theorem 1.4, 
therefore the reader only interested in that result may very well skip the following 
discussion. 

Bourgain [3] introduced the notion of regular Bohr sets in the context of Roth's 
theorem. In that situation one often needs to work with Bohr sets on different scales, 
and it is therefore desirable that the size of dilates B\ +p vary continously with p. 



4 Let e(x) = e 2l7rx and write characters 7 : G — > T as 7 = e(uj), where ui : G — > K/Z. In [24] a Bohr 
set of frequency set T and radius S is defined as B(T,S) = {x : \uj(x)\ ^ S Voj £ T}, whereas here it 
is defined as B(T, 5) — {x : |1 — e{u(x))\ ^ 5 Vw G T}. The covering argument used in the proof of 
Lemma 4.20 of [24] may however be adjusted via the elementary inclusions 

{uj : [1 - e(uj)\ ^ 4,8} C {w : |w| s$ 8} C {uj : [1 - e(w)| 2tt<5}. 



ON ARITHMETIC PROGRESSIONS IN A + B + C 



9 



Definition 3.6 (Regular Bohr set). Let Cq be an absolute constant. A Bohr set B is 
said to be regular for Cq if 

(3.1) 1 - C \p\d ^ <1 + C \p\d (0 < \p\ < ^). 

An essential observation of Bourgain [3] is that one may always ensure the regularity 
of a Bohr set up to dilation by a constant factor. 

Lemma 3.7 (Existence of regular Bohr sets). There exists an absolute constant Cq such 
that for every Bohr set B, there exists k G [1/2, 1) such that B K is regular for Cq. 

The proof of this result can now be found in many places and we refer e.g. to Propo- 
sition 3.5 of [19]. From now on we fix Cq and we simply say that a Bohr set B satisfying 
(3.1) is regular. The regularity property allows for a very useful averaging lemma, first 
formalized by Bourgain as Lemma 3.16 of [3]. The version we record below is closest to 
Lemma 4.2 of [13]; it says that Bohr sets are roughly invariant under translation by, or 
averaging over, elements of a smaller Bohr set. 

Lemma 3.8 (Regularity averaging lemma). Suppose that B is a regular Bohr set and 
let x G G and X : G — > C with ||A||li = 1. Then 

\\p x+B ~ Atfilk 1 ^ C x pd if x G B p , 

\\p B * X - PbWl 1 ^ Cxpd if Supp(A) C B p , 

provided p ^ ^ and where C\ = 2Cq. 

Proof. Observe that \\p x+B - Pb\\l^ = X^ec \ 1 x+b{v) ~ 1b(v)\ and that 1 B and 1 X+B 
are equal on B\^ p and outside Bi +P . Therefore ll/i^+B — PbWl 1 ^ TbtO-^i+pI — l-^i-pl) 
and the first bound follows from (3.1). Summing over x with weights X(x) and applying 
the triangle inequality yields the second estimate. □ 

4. The Croot-Laba-Sisask approach 

The aim of this section is to prove Theorem 1.4. This result is a rather direct 
consequence of Theorem 7.1 of [6] due to Croot, Laba and Sisask, which says that the 
set of almost-periods of a convolution is guaranteed to contain a large Bohr set. The 
proof of this theorem relies on a combination of the Croot-Sisask lemma [8] and Chang's 
spectral lemma [5, Lemmas 3.1 and 3.4]; this combination was first exploited by Sanders 
in [22, 20]. For our purpose we only need the following special case. 
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Lemma 4.1 (Bohr-almost-periodicity of convolutions). Let p ^ 2 and 9 £ (0,1) be 
a pair of parameters. Suppose that Ai,A 2 are subsets of L/NL of respective densities 
ai,«2- Then there exists a Bohr set B such that 

\\l Al * y>Ai - t x Ia 1 * I^a 2 \\lp < 0a>l /p (x £ B) 

with dimension and radius satisfying 

5 ^ c(6aia 2 /p) c . 

Proof. Apply Theorem 7.1 of [6] with A = A 2 , B = Ai and S = G, with doubling 
constants K\ = 2/a 2 and K 2 = 2/a±, and with e = 9. This yields a parameter 

5' = c6a l 2 /2 a \ /p - 112 > c6a l 2 /2 

and a Bohr set of dimension at most 

d ^ C P r 2 (log2/5') 2 (log2/« 2 ) s$ Cp6~ 2 (\og^) 3 

and radius 

5 = 5'/d > cp-Wai' 2 (log ^)" 3 » (6a ia2 / P y 

satisfying the desired almost-periodicity property. The bound on 5 might seem less crude 
once we notice that the lower bound of Lemma 3.4 on logma(B) depends linearly on d 
and log2<5 -1 . We have also been somewhat imprecise in handling logarithmic terms, so 
as not to needlessly clutter the main estimates: indeed these terms have little bearing 
on the quality of the final results. □ 

From Lemma 4.1 we first obtain a result slightly more general than Theorem 1.4 
which finds a translate of a Bohr set in a sumset. We follow the proof of the similar 
Theorem 1.7 on p. 1380 of [8], relying on little more than an elementary identity of 
convolutions. 

Proposition 4.2. Suppose that Ai,A 2 ,A% are subsets of'L/N'L of respective densities 
ai,a 2 ,a 3 . Then there exists z £ G and a Bohr set B with 

d^Caf (log ^—Y 
5 ^ c(aia 2 a 3 ) c 

such that 1 J 4 1 * 1a 2 * ^A 3 (y) ^ ^a±a 2 a 3 for every y £ z + B . 
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Proof. Apply Lemma 4.1 to A\ and A2 with parameters p and 9 to be determined 
later. This yields a Bohr set B with dimension d ^ Cp6~ 2 (log ) 3 and radius 
<5 ^ c(6 l aia 2 /p) c ' such that 

(4.1) W-t x )1 Ax *Ha*\\lp < ^«i Vp e £). 
Let z G G and x G -B and observe that 

Ui * /iA 2 * ^3(2) - Ui * /"A 2 * V>A 3 {z +x) = ( (I - T^l^i * I2 A21 T_ Z {1- A3 } L 2. 

Applying successively Holder's inequality and (4.1) we have therefore 

|L4i *£U 2 *^As(z) - l^i */iA 2 *AU 3 (z + x)| < -T x )l Al * I~IA 2 \\lp\\VA 3 \\l<i 

< fl(«i/a 3 ) 1/p 

(4.2) < ea s - 1/p 

Since E^gI^ * /^4 2 * A*A 3 (^) = &i we may pick z so that l Al * Ha 2 * ^a z {z) ^ a\. 
Choosing p = 2 + logaj 1 and 6 = oi\/2e we have Oa^ 1 ^ «i/2, and by (4.2) we 
conclude that l Al * [J>a 2 * Ha 3 { z + x) ^ oti/2, where x G B is arbitrary. □ 



We may now quickly derive Theorem 1.4, which we reproduce below with adjusted 
notations for convenience. 

Proposition (Theorem 1.4). Suppose that Ai, A% A3 are subsets of'L/N'L of respective 
densities ai,at2,ct3 and write a = ocia^ois. Then there exist absolute constants c > 
and C > such that A\ + A 2 + A 3 contains an arithmetic progression of length at least 

iyC a?/(io g 25- 1 ) 4 lf ai (io g 25- 1 )- 5 / 2 ^ L7(logAT)- 1 / 2 
such that each element of the progression has at least ^aN 2 representations as a sum. 

Proof. Apply Proposition 4.2 to obtain a Bohr set B and an element z G G such that 
d ^ Caj~ 2 (log25 _1 ) 4 , 5 ^ ca c and l Al * 1 A2 * l A3 (y) ^ \o. for every y G z + B. By 
Lemma 3.5 we may find an arithmetic progression P C B of size 

|P|>e*p( 7 p!^--Clog25- 
V (log 2a 4 ) 4 

Restricting to a 2 (log 25" 1 )" 5 ^ C"(logA^) _1 with C large enough we see that z + P is 
the desired arithmetic progression. □ 
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5. Preliminaries on the density-increment strategy 

The proof of Theorems 1.5 and 1.6 is based on the density- increment strategy used 
by Bourgain [3, 4] to obtain good bounds in Roth's theorem [16] and later considerably 
expanded by Sanders in [20, 21]. The base of this theory is best presented in [22], while 
the more advanced techniques specific to Roth's theorem may be found in [20, 21]. We 
also use a recent refinement of those by Bloom [1]. In this section we collect the main 
facts that we need from these references. 

We first need a special case of Lemmas 4.6 and 6.3 of [21], which together constitute 
a local version of Chang's spectral lemma [5, Lemmas 3.1 and 3.4]. 

Lemma 5.1 (Local spectrum annihilation). Let e G (0, 1] be a parameter. Let B be a 
regular Bohr set and suppose that X C B has relative density r . Then there exists a 
regular Bohr set B' $C B with 

d! ^d + Ce~ 2 log 2r~ x and 5' ^ c5/(d 2 e- 2 log 2r _1 ) 

such that |1 — j(x)\ ^ \ for every 7 G Spec £ (/ix) and x G B' . 

Proof. Write B = B(T,5) and let A = Spec £ (/^)- By Lemma 4.6 of [21], A has 
(1, /^-relative entropy k <C £~ 2 log2r~ 1 (see [21] for the definition of this concept); 
note in passing that, by the definition of entropy, k ^ 1. Applying Lemma 6.3 of [21] 
to A with 7] = 1 we may further find a set A of size at most k such that, for every 
v G (0, 1), p < c/(dk) and 7 G A, 

|1 — 7(x) I <C kv + pd 2 (k + 1) uniformly in x G B(T U A, min(p<5, 2u)). 

Choosing p = c/(d 2 k) and v = c/k with c small enough we see that |1 — 7(2;)] ^ | for 
x G B(T U A, c5/d 2 k) —. B, and we are done upon choosing B' = B K with n G [1/2, 1) 
chosen via Lemma 3.7 such that B is regular. □ 

Note that as in [18] we need to keep track of the radius of the Bohr set rather than 
its size, since we are looking for arithmetic progressions such as given by Lemma 3.5. 
The following is Lemma 3.8 of [20] where we used the Bohr set given by Lemma 5.1 in 
the proof instead. This lemma forms the backbone of the density-increment strategy. 

Lemma 5.2 (L 2 density-increment). Let rj,p G (0,1] be parameters. Let B and 
B ^ B p be regular Bohr sets. Suppose that A C B has relative density a and X C B 
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has relative density r. Write /a = 1a — ol\-b, and suppose that p ^ cva/d and 

£ |£( 7 )| 2 ^a 2 m G (fi). 

7£Spec^(/i X ) 

Then there exists a regular Bohr set B $C B such that ||1a * A*bI|oo ^ (1 + cv)a, 
d^d + Cn~ 2 log2T- 1 and 6 ^ c5/{d 2 r]- 2 log 2^). 

The slightly different shape of the density-increment lemma above affects in a minor 
way the statement of two results we introduce next. The first is the Katz-Koester 
transform developed by Sanders [20]; the following is Proposition 4.1 from there. 

Lemma 5.3 (Katz-Koester transform). Let p,p' e (0,1) be parameters. Let B be a 
regular Bohr set, assume that B' = B p is regular and let B" = B' , . Suppose that A C B 
has relative density a and A' C B' has relative density a' . Assume that p ^ ca/d and 
p' «C col jd. Then either 

(i) there exists a regular Bohr set B ^ B' such that || Ia * /^g||oc ^ (1 + c ) a > 

d ^ d + CoT x log 2a/" 1 and 5 ^ cp(aa' / d) c 5, 

(ii) or there exist L C B with relative density A and S C B" with relative density 
a, such that A > 1, a ^ e ^ Ca_1 log2Q ' _1 and 

1l * Is ^ Ca~ l 1a * Ia'- 

A second result we import is a generalization of the above for three of more sets due 
to Bloom [1]; the following is a direct consequence of the case k = 2 of Theorem 6.1 
from there. 

Lemma 5.4 (Katz-Koester transform for three sets). Let p,p' G (0,1) be parameters. 
Let B be a regular Bohr set, suppose that B' = B p is regular and let B" = B' ,. Suppose 
that A C B has relative density a and A'^A^ C B' have relative densities ct^o! 2 , and 
write 7 = aa\a' 2 . Assume that p ^ ca/d and p' ^ cy/d. Then either 

(i) there exists a regular Bohr set B ^ B' such that \\1a * Hb\\°° ^ U + c ) a > 

d^d + Ca~ 1/2 \og2 1 ~ 1 and 5 ^ cp(-f/d) c 5, 

(ii) or there exist L C B with relative density A and Si, £2 C B" with relative 
densities 01,02 such that A > 1, iTj ^ e - * 7 " 1 2i °s 2 t 1 > and 

1 L * l Sl * ls 2 ^ CoT 2 I A * l^i * 1^- 
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Finally, we are going to make extensive use of the Croot-Sisask lemma [8], which 
says that two-fold convolutions possess large sets of almost-periods. This technique 
is particularly suited to prove asymmetric results such as Theorems 1.5 and 1.6. The 
slightly different version we quote is Lemma 3.3 of [22] due to Sanders. 

Lemma 5.5 (Croot-Sisask lemma). Let p ^ 2 and e G (0, 1) be a pair of parameters. 
Let f : G — > C and L ^ 1 and assume that S and T are subsets of G such that 
\S + T\ < L\S\. Then there exist t G T and a set X C T of size \X\ ^ (2L)~ Cp / £2 \T\ 
such that 

11/ * Ms - T v f * HsWlp < ell/Hi* (yeX- t). 

This has the following familiar consequence, often used implicitly throughout the 
literature. 

Lemma 5.6 (L p -smoothing of convolutions). Let p ^ 2, £ ^ 1 and G (0,1) be 
parameters. Let f : G — > C and L ^ 1 and suppose that S and T are subsets of G such 
that \S + T\ ^ L\S\. Then there exists a set X C T of size \X\ ^ (2L)~ Cpl2 / e2 \T\ such 
that 

\\f*fis-f*^s*^ { x\\LP ^ 

where \x = Hx * H-x- 

Proof. Apply Lemma 5.5 with parameter e = 9/ {21). By the triangle inequality and 
the translation-invariance of L p -norms we have, for every X\, . . . , Xe, x^, . . . , x' e G X: 

11/ * Us ~ t Xi ^ + ... +Xi _ x >J * Hs\\lp < 0\\f\\ LP . 

By averaging over the numerous Xi, x'j and the triangle inequality we recover the result. 

□ 

6. Proof of Theorems 1.5 and 1.6 

We are now ready to start with the proof of our main estimates. In this section 
we introduce a new piece of notation to make computations more bearable: to every 
Bohr set B we associate the density parameter b = mc{B). We start with an easy 
consequence of regularity which gives us some control on the size of scaled-down sets. 

Lemma 6.1 (Scaling lemma). Let p G (0, 1) be a parameter. Let B be a regular Bohr 
set and B' C B p . Suppose that A C B has relative density a and p ^ c/d, then 

||lA*Moo^(l-0(£))a. 
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Proof. We have, by Lemma 3.8, 

E xeB lA* Hb'(x) = (1a* ^b',^b)l^ 
= (1a, I^b * ^b'}l 2 

= (1-A,Hb)l 2 + 0[ \\fi B - flB * A'B'IIl 1 Halloo) 

= a + O(pd). 

Bounding the left-hand side in || • norm concludes the proof. □ 

Our iterative argument intially follows that developed by Sanders in [18], with slight 
modifications to accomodate upper level sets. We recall its principle here. At each step, 
one fixes a small Bohr set B' and finds a translate A' 3 of A% with relative density in 
B' of same order as that of A 3 in B. Then either B' is contained in the upper level 
set {1 J 4 1 * \a 2 * 1a, > K}, or it has non-empty intersection U with the lower level set 
{1 J 4 1 * 1a 2 * 1a£ ^ K}. The scalar product (1a 1 * 1a 2 * 1a' 3 ) 1w)l 2 is then unusually small 
for a good choice of K. The usual density-increment strategy then allows one to find a 
smaller Bohr set on which either A\ or A 2 has increased density. Since the density is 
bounded by 1 we may iterate this process only a finite number of times, after which we 
have found a translate of a Bohr set in a certain upper level set. 

At this point however we take advantage of two techniques from [20], which we apply 
in a similar fashion. The first is the Katz-Koester transform which in this situation 
roughly redistributes the mass of the sets A\ and A' 3 on two new sets L and S where L 
is thick and S is not too small, without affecting the size of the convolution 1a 1 * Ia' s 
excessively. The second is the Croot-Sisask lemma which allows one to smooth the 
convolution 1^ * I5 by a factor . At last the density-increment strategy makes it 
possible to exploit the smallness of the new scalar product (1l * I5 * 1a 2 * ^) to 
obtain a density increment on A 2 . 

Our main iterative lemma is then the following. On a first reading the reader may 
wish to take u = below for simplicity, which suffices to obtain Theorem 1.5 without 
a counting lemma. 

Proposition 6.2 (Main iterative lemma). Let p, uj £ (0,1) be parameters. Let B be 
a regular Bohr set and suppose that B' = B p is regular. Suppose that Ai, A 2 , A3 C B 
have relative densities ai, 02,0:3 and write a = aia 2 ct^. Assume that p ^ ca/d and 
uo ^ e- c(d+ ^ 1)log(2d/p5) . Then either 
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(i) there exists a regular Bohr set B ^ B such that, for some i G {1,2}, 

\\Ia 4 * /felloe ^ (1 + c)ai, 

8 ^ cp(a/d) c 5, 

(ii) or there exists x G G such that B' C {y : l Al * 1a 2 * 1a 3 (^ + 2/) > }• 

Proof. By Lemma 6.1 we may find x £ G such that A' 3 = (A 3 — x) fl B' has relative 
density in B' equal to a 3 = 1^ 3 * 3> 03. Now define 

W = {y : l Al * l Aa * l A3 (x + y)^oob 2 }f] B', 

we may assume that U is non-empty since else we are in the second case of the propo- 
sition. Note that from the inclusion A' 3 C A 3 — x and the definition of U we have 

(Iai * 1a 2 * Ia^/^l 2 < (Iai * 1a 2 * l-As-x, Hu}l 2 

= (Iai * 1a 2 * lA 3 ,/ix+w)L 2 

(6.1) ^ w6 2 

where /x^ is well-defined since IA ^ 05. From hereon the proof divides into three steps. 

Applying the Katz-Koester transform. Let p' = cnct 3 jd and B" = B' ,, where 
k G [1/2,1) is chosen via Lemma 3.7 so that B" is regular. Applying Lemma 5.3 to 
A = Ai and A' = A' 3 with parameters p and p' then results in one of two cases. In case 
(i) of that lemma we obtain a regular Bohr set B ^ B' such that ||lyii*/fBl|°° ^ (l+c) ^, 

d ^ d + Ca^ 1 log 2«3 1 and 5 ^ cp{a\a 3 / 'd) c '5, 

which is enough to conclude. In case (ii), we may find L C B with relative density A 
and S C JB" with relative density a such that 

(6.2) A>1 and a ^ e^ Ca ^ log2a ^\ 

(6.3) 1 L * l s < a" 1 l Al * 

By (6.3) we then have 

(1 L * [i S , l_ M * p u ) L 2 = {ab")- 1 ^ * 1 5 , 1_a 2 * Pu)i? 

< (afit7-6")~ 1 <lA 1 * 1a' 3 , I-A2 * m)i 2 
= {a 1 ab")~ 1 {l Al * 1a 2 * Ia' 3 ,I^u)l^ 
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By (6.1) we have further 

(U * fJ>s, 1-a 2 * m)v> < (a 1 ab")~ 1 ub 2 

= (\aia 2 cr)~ 1 (b/b")uj ■ \a 2 b. 

Recalling (6.2) and applying Lemma 3.3 we have therefore 

(1 L * Ms , 1_a 2 * Hu)l* e c ( d+a ^ lo ^ 2d /^u ■ \a 2 b. 

Assuming u ^ e -c'(d+a 1 )iog(2d/pa) -yfifa qi [ ar g e enough we eventually obtain 

(6.4) (l L * p s , l-A 2 * Vu)l* ^ jXa 2 b. 

Applying the Croot-Sisask lemma. Let p" = cn'/d and B'" = B", h where 
k' G [1/2, 1) is chosen via Lemma 3.7 so that B'" is regular, and with c small enough so 
that, by regularity of B" and Definition 3.6, 

\S + B"'\ ^ \B" + B"'\ s= \B'l +pl ,\ <: 2\B"\ = (2/a)\S\. 

Applying Lemma 5.6 to / — 1l and T = B'" with parameters p,£,9 to be determined 
later, we obtain a set X C B'" of relative density r with 

(6.5) r > exp (- CW# 2 ) log2(j" 1 ) 
such that 

|| 1 L * /is - 1l * A*5 * A^||lp ^ 6>||1 L || LP . 
By Holder's and Young's inequalities we have therefore 

|(1 L * 1_a 2 */iw)z,2 - (1l*Ps * A?, 1_a 2 *Pu)lA 

1 1 1 x«)n in 11 

^ ||lL * y^s — 1l * * A x || L p||1„a 2 * 

^ ^||1l||lp||1-A 2 

= 9X 1 / p a 1 2 ~ 1/p b 

Choosing p = 2 + log a 2 l and 9 = A 1_1 / p /4e x 1 this is less than ^Xa 2 b, which combined 
with (6.4) shows that 

(6.6) \(1 L * /is * A^,1_a 2 *(jlu)l*\ < \Xa 2 b. 
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Obtaining an L 2 density-increment. Since U,S,X are contained in B' , the 
function \i u * fi^ s *^x nas support in {21 + 2)B' C B( 2i+2 ) p an d we have, by Lemma 3.8, 

(1 L * n s * \%\ 1 B * Hu)l* = (U, l B *^u* Us * 

= (1 L , l B ) i2 + 0( - 1 B * ^ * Af |Ui||li||oo) 
= Xb + 0(£pdb) 

(6.7) ^ |A6 

provided that p ^ c/(£d), which will turn out to be the case. Forming the balanced 
function f-A 2 — 1-a 2 — a 2^B, we deduce from (6.6) and (6.7) that 

\(1 L * Ps* Xx,f-A 2 *Hu)lA > \\a 2 b. 

By Parseval's formula and the inequality ||/||oo ^ II /Hi 1 we have therefore 

\\a 2 b ^ | (1 L • fis ■ Px ■ fPx , f-A 2 ■ Pu)p | 

^ || pS || oo || [HA || oo II li • Ja 2 ■ Px We 1 

^ II U • ]a 2 ■ £x 2l \\v- 

By Cauchy-Schwartz and Parseval's identity we then have 

\\a 2 b ^ || l L \\p \\f A2 ■ fx 2l \\e* = {^b) 1/2 \\f A2 ■ Px^Wfi- 
It follows that, for some constant c, 

(6.8) lS(7)| 2 |^(7)| 4£ > j~M b > ca l b - 

7 

By Parseval's identity and choosing £ = Clog2a 2 1 with C large enough we have 

E l^(7)| 2 |/^(7)| 4 ^2-^||/ A2 ||i 2 

7:|^(7)Kl/2 <:2 2 ~ 4£ a 2 b 

^ \co? 2 b. 

By (6.8) and the bound ||/tx||oo ^ 1 we have therefore 

£ l£(7)| 2 »^&. 

7SSpec 1/2 (Mx) 
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The parameters we have chosen have size p x log2a2 1 , ^ x l°g2a 2 ~ 1 , and 9 x 1, and 
therefore by (6.5) and (6.2) we have 

t ^ exp (-Ca^ 1 (log25^ 1 ) 4 ). 

Since p' x a^/d and p" x 1/d we also have 5"' = cp(as/d 2 )5. Applying Lemma 5.2 with 
A = A2 and for n = 1/2 and some v x 1 we therefore obtain a regular Bohr set B ^ 5'" 
such that || 1a 2 * Pb\\°o ^ (1 + c)«2 and 

d ^ d + Co^ 1 (log 25T 1 ) 4 and «5 ^ cp(5/d) 4 <5, 

which again is enough to conclude. □ 

We are now in a position to prove the following result, which gives slightly more 
structure than Theorem 1.5 in the form of a translate of a large Bohr set. Theorem 1.5 
will then follow quickly from this proposition and Lemma 3.5. 

Proposition 6.3. Suppose that Ai,A 2 ,A^ are subsets ofZ/NZ of respective densities 
cki, °-2i «3 and write a = aio^a^. Then there exist z £ G and a Bohr set B with 

d ^ Co^ 1 (log 25T 1 ) 5 , 
5^exp(-C(log2a~ 1 ) 2 ), 

such that, for every y £ z + B , 

l Al * 1 A2 * lA 3 (y) > exp (- Ca5" 1 (log25" 1 ) 7 ). 

Proof. The proof proceeds by iteration of Proposition 6.2. We construct iteratively a 
sequence of regular Bohr sets and sequences of sets Ap, A%\ A$ C of relative 
densities £\ We initiate the iteration with = B({0},2) = Z/NZ, which 

is regular, and with (A^\ A^\ A3 ) = (Ax, A 2 , A3). We denote by 8i,di,bi respectively 
the radius, dimension and density in G of B^\ and we write 5^ = a^a^ct^ . 

At each step i we apply Proposition 6.2 to the sets A^\ A%\ A^ with parameters Ui 
and pi to be determined later. In case (i) of that proposition we define _E?(* +1 ) = B^\ 
while in case (ii) we stop the iteration. Whenever B^ +1 ^ is defined we pick (a?j,j)i<j<3 
so that, for every j, A^ 1 ' := (A? — Xjj) D has relative density in equal to 

= l A (p * fJL B (i+l) (X j% i) = \\l A f */iB( l + 1 )||oo- 

We now assume that B® is defined for 1 ^ % ^ n. Let i < n, our application of 
Proposition 6.2 then shows that there exists ji £ {1,2} such that a£ ^ (1 + c)a^ . 
Choose now = c' nia 1 ^ / (2i 2 di) , where /tj £ [1/2,1) is picked via Lemma 3.7 so that 
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Bp) is regular, and with d small enough so that, by Lemma 6.1, 

(6.9) af +1) > (1 - Ofadi/af))*® &)<xf 

for every 1 ^ j ^ 3. This implies that 

af +1) at 1] c/2)(l + c^a® ^ (1 + c/A)af<xf, 

and as a consequence the iteration proceeds for at most n = 0(log25~ 1 ) steps. Iterating 
(6.9) we also obtain 

uniformly in 1 ^ j ^ 3 and 1 «C i ^ n. The dimension bound from Proposition 6.2 then 
becomes 

d i+1 ^d t + {C/af) log 4 (2/5«) ^ di + 0{a^ log 4 (2/5)) 

for i < n and therefore di <C iaj~ 1 (log25 -1 ) 4 a5" 1 (log25 -1 ) 5 uniformly in 1 ^ i ^ n. 
The radius bound from Proposition 6.2 is then 

5 l+l > (5«/2^)° (1) <^ > (5/2)°^ 
for i < n whence 5i ^ (5/2)°^ ^ e -o((iog2a 1 ) 2 ) un if orm iy in 1 ^ 2 ^ n. 
Finally we choose = u independent of % so as to satisfy the condition 

to <: exp (- C(d t + (a?)" 1 ) log(2d i /p i 5«)) 

from Proposition 6.2 for every 1 ^ i ^ n. From the previous dimension and radius 
bounds we see that it is enough to take lo = e~ c ' ai ( l °s 2a 1 ) 6 ; with C large enough. 
For that choice we deduce from Lemma 3.4 and the bounds on di and <5j that ub,^ ^ 
e -o(a 1 (iog2o 1 ) 7 ) un if orm ly in 1 ^ j ^ n. When we are in case (ii) of Proposition 6.2 
we therefore find that Bpj} is contained in a translate of 

{y : UW * 14-) * l A ^(y) > exp (- Ca^\\og2a~ 1 ) 7 ) }. 

Since p n ^ (5/2)°^ and the are, by construction, contained in translates of the 
Aj, this concludes the proof. □ 

Proof of Theorem 1.5. Applying Proposition 6.3 with (A\, A 2 , A 3 ) = (A,B,C) and us- 
ing Lemma 3.5 we may find an arithmetic progression P such that 

\(l°g(2/a/37)) 5 / 
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and an element z eG such that l Al * l M * l Aa (y) ^ e"^" 1 1o s 7 ( 2 /^t) f or all y G z + P. 
Restricting to a (log ^ C"(log ./V)" 1 with C" large enough we see that z + P is the 

desired arithmetic progression. □ 



We now turn to the slightly more difficult proof of Theorem 1.6. The main strategy 
is the same and we again start with a small scalar product (1^ * 1a' 3 * 1-w, 1-A a ) where 
U is a certain lower level set. However we now fully exploit the set U in applying 
the generalized Katz-Koester transform from [1] to the three sets Ai,A' 3 ,— U. This 
redistributes the mass more efficiently and accounts for the improved dependency on 
densities. The rest of the proof runs similarly with applications of the Croot-Sisask 
lemma and the density-increment strategy. 

This however requires us to assume that U = {1a 1 * 1a 2 * 1^ ^ K} is dense enough 
inside a Bohr set B' . We are then in a situation already encountered in [18] where at 
each step of the iteration it either happens that U has low density and that the upper 
level set U c = {Iai * 1a 2 * ^-A' > K} is thick inside B'\ or that a density increment can 
be obtained. The following lemma makes this precise and the reader may again let 
oj — there to obtain Theorem 1.6 without a counting lemma. 

Proposition 6.4 (Main iterative lemma). Let p,v,co G (0, 1) be parameters. Let B be 

a regular Bohr set and assume that B' = B p is regular. Suppose that Ai,A 2 ,A 3 C B 

have relative densities or, «2,«3 and write a = aio^a^. Assume that p «C ca/d and 
w ^ e -c(d+ a - 1/2 )io g (2d/pvS)_ Then either 

(i) there exists a regular Bohr set B ^ B and i G {1,2} such that 

W^-Ai * Pb\\oo > (1 + c)(Xi, 

d ^ d + C , a~ 1/2 (log2t;" 1 )(log25- 1 ) 4 , 
8 ^ cp(va/d) c S, 

(ii) or there exists x G G such that {y : l Al * 1 A2 * 1a 3 (% + y) > ujb 2 } D B' has 
relative density at least 1 — v in B' . 

Proof. The proof is in many aspects similar to that of Proposition 6.2 and therefore 
we are more brief in computations. By Lemma 6.1 we may find x G G such that 
A' 3 = (A 3 — x) fl B' has relative density a' 3 = l A[i * pB'i.%) oi 3 in B' . Let 

U = {y : l Al * U 2 * U s (x + y)^ tub 2 } n B' 
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have density u in B'; we may assume that u ^ v since else we are in the second case of 
the proposition. Note that by the definitions of A' 3 and U we have 

(6.10) (l Al * 1 M * l K , l U ) L 2 ^ cub 2 ■ ub' < cob 2 b'. 

From there the proof again divides into three steps. 

Applying the Katz-Koester transform. Choose p' = cva/d with the help of 
Lemma 3.7 so that B" := B' p , is regular. Applying Lemma 5.4 with (A, A^A^) = 
(Ai, —U, A' 3 ) then results into one of two cases. In case (i) of that lemma we obtain a 
regular Bohr set B ^ B' such that \\1ai * A^lloo ^ (1 + c)«i, 

d ^ d + Ca 1 log(2/t>5) and 5 ^ cp(va/d)°S, 

which is enough to conclude via the crude bound log(2/w5) <C (log2w~ 1 )(log25~ 1 ). In 
case (ii), we may find L C B of relative density A and Si, S 2 C B" of relative densities 
a 1 , <7 2 such that 

(6.11) A > 1, 01,02 ^ e - Ca i" 1/2log(2/,j5) , 

(6.12) 1 L * l Sl * 1 & < a{ 2 l Al * l_ u * 1 A > 3 . 

In that case write / = (1l * Psi * Hs 2 i 1-a 2 )l 2 101 convenience. By (6.12) we then have 
/ < {a\aia 2 )- l {b")- 2 {l Al * l. u * 1 A , , l_ Aa ) L2 
= (afc^r 1 ^")-'^ * U 2 * 1^, 
By (6.10), (6.11) and Lemma 3.3 we have further 

/ < {alaia 2 y l {b"y 2 ujb 2 b' 
= {\a\a2cr1a2Y 1 {b /b"){b' /b")co ■ Xa 2 b 

I -—1/2 

Assuming cu ^ e~ c )iog(2d/pva) qi j ar g e enough we have therefore 

(6.13) (1 L * p Sl , 1-a 2 * yU_5 2 ) L 2 = / \\a 2 b. 

Applying the Croot-Sisask lemma. We let B'" = B" pl , with p" = c/d chosen such 
that B'" is regular (via Lemma 3.7) and with c small enough so that, by regularity of 
B", \Si + B"'\ ^ \B'( +p „\ < (2/^)1^1 1 . Applying Lemma 5.6 with / = 1 L , S = Si, 
T = B'" and parameters p, I, 9 to be determined later, we obtain a set X C B'" of 
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relative density r with 

(6.14) r ^ exp (- C(p£ 2 /9 2 ) log 2^) 
such that 

||li*A*Si - *^x\\lp < 0||1l||li>- 

Proceeding exactly as in the proof of Proposition 6.2 we then obtain from (6.13) that 

(6.15) \(1 L * /i Sl * fis 2 * A?, 1-a 2 )lA < \^a 2 b 

for the choice of parameters p = 2 + loga^ 1 and 9 = A 1_1 / p /4e x 1. 

Obtaining an L 2 density-increment. Since the support of * A*s 2 * ^x * s 
contained in (2£ + 2)B' C B( 2 £+2)p we have, by Lemma 3.8, 

(6.16) (1 L * fi Sl * Vs 2 * A$, 1 B ) L2 = \b + O(lpdb) > |A6 

provided that p ^ c/(£d), which will turn out to be the case. Forming the balanced 
function /_a 2 = 1-A 2 — a 2^-B, we see from (6.15) and (6.16) that 

\{l L *[i Sl * ps 2 * XxJ-a 2 )lA > ^Xa 2 b 

A computation entirely analogous to that in the proof of Proposition 6.2 then shows 
that, choosing £ = Clog 2a^ 1 with C large enough, we have 

E i/T 2 (7)r»«^. 

76Spec 1/2 0x) 

The parameters we have chosen have size p x log 2a 2 \ £ x log 2^2 1 and x 1. By 
(6.14), (6.11) and the bound log(2/w5) <C (log2v _1 )(log 25 _1 ), we have therefore 

r ^ exp (- C , a7 1/2 (log2tr 1 )(log25" 1 ) 4 ). 

Since p' x va/d and p" x 1/d we also have 5"' = cp(va/d 2 )5. Applying Lemma 5.2 to 
A = A 2 with ?7 = 1/2 and some vxlwe obtain a regular Bohr set B ^ l?'" such that 

\\Ia 2 * /"slloo ^ (1 + c)a 2 , 

d ^ rf + C7a^ 1/2 (log2t;- 1 )(log25- 1 ) 4 , 
5 ^ cp(va/d) 4 8, 

which again is enough to conclude. □ 
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Due to the shape of Proposition 6.4 we now need to find arithmetic progressions in 
thick subsets of Bohr sets. This is precisely addressed by Lemma 6.7 from [18] which 
we now quote. 

Lemma 6.5. Let v G (0, 1) be parameter and let B be a regular Bohr set. Suppose 
that v" 1 ^ c5N l l d / d and A C B has relative density at least 1 — v, then A contains an 
arithmetic progression of length at least 4i>~ 1 . 

We now modify our iterative lemma so as to yield arithmetic progressions in upper 
level sets and so as to bound the number of steps in the iteration more easily. 

Proposition 6.6 (Final iterative lemma). Let p,v,tu G (0,1) be parameters. Let B be 
a regular Bohr set and assume that B' = B p is regular. Suppose that A\,A^Az C B 
have relative densities ati, «2,«3 and write a = ct\Ct2Ctj > . Assume that p ^ ca/d, 

(6.17) v" 1 < c5'N 1/d /d and < u < exp (- C(d + a~ 1/2 ) \og(2d/pva)) . 

Then either 

(i) there exists a regular Bohr set B ^ B' such that 

d ^ d + Ca~ 1/2 (log2tr 1 )(log25- 1 ) 4 , 
5 ^ cp(va/d) c 5, 

(ii) or the set {y : 1& 1 * 1a 2 * ^A 3 (y) > oub 2 } contains an arithmetic progression of 
length at least 4v _1 . 

Proof. By Proposition 6.4 we may either find x G G such that 

V = {y : l Al * U 2 * U 3 (y + %)> ub 2 } n B' 

has relative density at least 1 — v in B', in which case we may conclude by Lemma 6.5 
with A = V; or we may obtain a regular Bohr set B such that \\lAi * P-b\\°° ^ (1 + c ) a i 
for some i G {1,2} and with the prescribed radius and dimension bounds. Picking j, k 
such that k} = {1, 2, 3}, Lemma 6.1 then shows that 

II II 1 * * Attlloo + c)(l - 0(g))(l - 0(g))5 

and assuming p ^ c'a/d with c' small enough this is indeed more than (1 + c/2)5. □ 

We are now ready for the proof of Theorem 1.6, which we quote below with adjusted 
notations for convenience. 
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Proposition (Theorem 1.6). Let e G (0, 1) be a parameter and suppose that A\, A2, A3 
are subsets of Zj 'NZ of respective densities ai, 012,013, and write a = axa^ct^. Then 
A\ + A2 + A3 contains an arithmetic progression P of length at least 

exp (V /2 aJ /4 (logiV) 1 / 2 (log25^ 1 r 7 / 2 ) if o^log 25" 1 )" 14 > C(ehgN)- 2 

and such that * 1a 2 * 1a 3 ( x ) ^ N~ e f or every x G P . 



Proof. The proof proceeds by iteration of Proposition 6.6. We are brief since the itera- 
tion process is very similar to that of the proof of Proposition 6.3. 

We construct iteratively a sequence of regular Bohr sets with parameters di, 8i, bi 
and, for every 1 ^ j ^ 3, a sequence of sets A*- C B^ of relative density ct~- \ and we 
write = a^a^a^. We initiate the iteration with B^ = Z/NZ and Ap = Aj for 
1 ^ j ^ 3. At each step i we apply Proposition 6.6 to the sets Aj with parameters p i} v, 
u to be determined later (note that v and u are chosen independent of i), and in case (i) 
wc define B^ i+V > = B®, while in case (ii) we stop the iteration. For every 1 ^ j ^ 3 we 
pick^j so that A^ 1 ^ := (Aj — Xi^dB^ 1 ^ has relative density ctj^ = ||l.A^ ) *MB( i + 1 } ||oo 
in B^ +1 \ whenever is defined. 

By the density-increment 5 ( - i+1 - ) ^ (1 + c)5^ from Proposition 6.6 we see that the 
iteration stops after at most n = 0(log25~ 1 ) steps. We choose pi = ca^/(i 2 di) such 
that Bp? is regular (via Lemma 3.7). By Lemma 6.1 we then have ctj^ ^ (1 — 
0(i~ 2 ))ctp for every i,j and therefore ^ e~°^= l1 2 ^aj ^> otj uniformly in 1 ^ j ^ 
3 and 1 ^ i ^ n. We then have, from the bounds of Proposition 6.6, 

d i+1 ^d t + L7«^ 1/2 (log2tr 1 )(log25- 1 ) 4 

for i < n and therefore di ^ C , a^ 1/ ' 2 (log2w~ 1 )(log25~ 1 ) 5 uniformly in 1 ^ i ^ n. 
Bounding crudely log(2/t>5) <C (log2t> _1 )(log25 ;_1 ) we also have 

5 i+1 > exp (- C7(log2t;- 1 )(log25- 1 )) 5 { 

for i < n and therefore 5i ^ exp ( — C(log 2v _1 )(log25 -1 ) 2 ) uniformly in 1 ^ i ^ n. 

We now choose v and ui so that (6.17) is satisfied at every step. From the previous 
dimension and radius bounds, we see that a sufficient condition for v is 

^TT 1 < „ 5 - C7(log2^ 1 )(log25^) 2 . 

(log2y L ) (log 2a i ) & 

We choose v defined by log2t> _1 = c / e 1//2 a} //4 (log A r ) 1//2 (log25 -1 ) -7 / 2 with d small 
enough so as to satisfy this; since log2t>~ 1 G [log 2, +00) this requires ai(log25~ 1 )" 14 ^ 
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C(elog N)~ 2 for a certain large enough C. Bounding again crudely \og(2/va) 
(log2?; -1 )(log25: -1 ) we also see that a sufficient condition for oj to satisfy (6.17) is 

u) ^ exp (- Ca^ 1/2 (log2t;- 1 ) 2 (log25- 1 ) 6 ) 

which allows for the choice u = jV _ ( ce / log2a ) upon inserting the above expression of 
\og2v . From Lemma 3.4 and the choices of v and u we eventually obtain ub 2 ^ N~ e 
uniformly in 1 $C i «C n. When we are in case (ii) of Proposition 6.6 we have therefore 
found the desired arithmetic progression. □ 



7. Arithmetic progressions in sumsets of sets of primes 

We now consider applications of Theorems 1.5 and 1.6 to the problem of finding 
arithmetic progressions in A + A + A, for A a subset of the primes. This problem 
was first considered by Cui, Li and Xue in [9]. In that paper a connection with the 
original problem on arithmetic progressions in sumsets of sets of integers was outlined 
and exploited via the original theorem of Green on A + A + A, which finds an arithmetic 
progression of size N ca in this sumset when A has density a. To obtain Theorem 1.7 
we exploit the same connection, taking advantage of the slightly longer progression 
given by Theorem 1.5. Corollary 1.8 is obtained differently, by a direct application of 
Theorem 1.6. 

We denote by log fc the logarithm iterated k times and we let n be a large enough 
integer. We also recall that when G, H are two groups, a Freiman 3-isomorphism from 
AcG to BcH is a, map 0: A — > B such that, for every (aj)i-gi<g3 and (c4)i^isg3 in A 3 , 
J2i a % — J2i a 'i ^ an d only if J2i 0( a i) = J2i we refer to Section 5.3 of [24] for the 

properties of such maps. The following can be extracted from the computations of [9]. 

Proposition 7.1. Let e, 5 G (0, 1) and suppose that A has density a in {1, ...,n}nP. 

Then there exist an integer N such that n/(logn) <C N n, a subset A 1 of A which is 
Freiman 3-isomorphic to a subset A" ofZ/NZ, a function f on Z/iVZ with support in 
A" and a subset A\ ofTLjNTL of density at least cot such that 

(7.1) / * / * f(x) > a 3 l Al * l Al * l Al (x) - 0(e + 5 1 ' 2 ) (x G G) 

provided C(log 4 iV)/(log 2 iV) ^ (e/2ix) c& ^ /2 . 

Proposition 7.2. Let e, 5 G (0, 1) and suppose that A has density a in {1, . . . , n} PI V. 

Then there exist an integer N such that n 1 ^ 2 <C N n, a subset A' of A which is 
Freiman 3-isomorphic to a subset A 11 of Z/iVZ, a function g on Z/iVZ with support in 
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A" and a subset A\ ofZ/NZ of density at least ca 2 such that 

9*9* g(x) > a 3 l Al * l Al * l Al (x) - 0(e + 5 1/2 ) (x G G) 
provided 5~ 5 ^ 2 log2e _1 ^ clog A^. 

Proof of Theorem 1.7. To obtain the first estimate we apply Proposition 7.1. Since Ai 
has density at least ca we know by Theorem 1.5 that Ai + Ai + Ai contains an arithmetic 
progression P of length at least N ca ^ Xog2a ) such that, for every x G P, 

l Al * l Al * IaM > exp (- Ca- 1 (log2a- 1 ) 7 ). 

Choosing e = 5 = exp(— C / a _1 (log2a -1 ) 7 ) with C large enough it then follows from 
(7.1) that f*f*f(x) > for all x G P, and therefore that P C A"+A"+A". Pulling back 
to A' C A by the Freiman isomorphism we are done provided <5 -5//2 log 2s" 1 ^ clog 3 iV, 
which is satisfied for a ^ C(log 5 iV) 7 / log 4 A^. 

To obtain the second estimate we apply Proposition 7.2, where this time A\ has 
density at least ca 2 . Theorem 1.5 then yields a progression P C Ai + Ai + A\ of length 
at least N ca2 /^ 2a ~^ such that 

l Al * l Al * l Al {x) > exp (- L7a" 2 (log2a^ 1 ) 7 ), 

and choosing 5 = e = exp(— C"a _2 (log 2a" 1 ) 7 ) we may conclude as before provided 

e Ca- 2 (log20^ cl()g7V 

This is certainly satisfied for a ^ C(log 3 iV) 7 / 2 /(log 2 N) 1 / 2 . □ 

Proof of Corollary 1.8. The projection tt: Z — > Z/6iVZ is a Freiman 3-isomorphism 
from Ac {1, . . . , N} to A' := tt(A) which preserves arithmetic progressions. Note that 
A' has density 3> a/logN in Z/6iVZ. Applying Theorem 1.6 with A = B = C = A', 
e = 1/2 and pulling back to Z then concludes the proof. □ 

8. Remarks and conclusion 

There is a strong parallel between the quantitative results one can obtain about 
arithmetic progressions in sumsets and on Roth's theorem by the density-increment 
strategy of [20]. Indeed the limitation in the range of density in both problems is similar. 
To see this, consider a subset A of Z/A^Z of density a. Sanders [20] then showed that 
when a ^ (log A^) _1+0< ' 1 ' ) , there exists a non-trivial three-term arithmetic progression 
in A, which Bloom [1] generalized to show (in particular) that for a ^ (log N)~ 2+o( - 1 \ 
any translation-invariant equation in four variables has a non-trivial solution in A. By 
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comparison, the same density-increment strategy applied to our problem can be made 
to obtain a long progression in A + A in the range a ^ (log iV)" 14 ^ 1 ** (although this is 
not pursued here, since the argument of [6] is simpler in this case) and by Theorem 1.6 it 
yields one in A+A+A for a ^ (log N)~ 2+ °^ . It is therefore likely that any improvement 
of this technique would result in a better density dependency in both problems. 
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